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ON ASYMPTOTIC DIMENSION WITH LINEAR CONTROL
CORRY M BEDWELL
Abstract. We construct a countable p-local group with a proper invariant
metric whose Assouad-Nagata dimension is strictly greater that the asymptotic
dimension with linear control. This solves Problem 8.6 from the list [Dr].
We study asymptotic dimension with linear control ℓ-asdimω that depends
on a fixed ultrafilter ω on N. It turns out that the asymptotic Assouad-Nagata
dimension is the supremum of ℓ-asdimω on all ω and the asymptotic dimension
with linear control is the minimum of ℓ-asdimω over all ω.
1. Introduction
The asymptotic dimension was defined by Gromov to study the finitely gener-
ated groups [Gr]. His definition can be applied to general metric spaces, though
we prefer to consider discrete metric spaces. One of the main examples of metric
spaces are graphs with the length one of each edge. Our main examples are the
sets of vertices of graphs possibly with a rescaled metric. In particular, we consider
the discrete interval of the length n, a metric space I(n) isomorphic to [0, n] ∩ N
and the discrete circle S(n) of the length n, i.e. the set of vertices of a cycle graph
of length n. For a > 0 by Ia(n) and Sa(n) we denote the spaces I(n) and S(n)
with the metrics multiplied by a.
The asymptotic dimension asdimX of a metric space X does not exceed n,
asdimX ≤ n if for any λ < ∞ there are n + 1 uniformly bounded λ-disjoint
families U0, . . . ,Un of subsets of X such that U0 ∪ · · · ∪ Un covers X . Thus, in
the above definition, U i = {U iα}α∈A and dist(U
i
α, U
i
β) > λ for α 6= β, and there is
D <∞ such that diam(U iα) ≤ D for all α ∈ A and all i [DS].
In this case we say that the dimension of X on a scale λ with the control D does
not exceed n, (λ,D)-dimX ≤ n. We say (λ,D)-dimX = n if (λ,D)-dimX ≤ n
and the conditions for (λ,D)-dimX ≤ n− 1 cannot be fulfilled.
Example 1.1.
(a, na)-dimIa(k) = 1 = (a, na)-dimSa(l)
for k ≥ n + 1 and l ≥ 2n+ 1, while
(λ, 0)-dimIa(m) = 0 = (λ, 0)-dimSa(r)
for λ < a and any m, r ∈ N.
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The asymptotic dimension with linear control [Dr] ℓ-asdim∗X of a metric space
X is defined as follows: ℓ-asdim∗X ≤ n if there is c > 0 such that for every R <∞
there is λ > R such that (λ, cλ)-dimX ≤ n.
We note that in [Dr] this dimension was denoted as ℓ-asdimX .
The asymptotic Assouad-Nagata dimension ( [DH] [DSm] [BDLM]) AN-asdimX ≤
n if there is c > 0 such that (λ, cλ)-dimX ≤ n for λ > r0 for some r0. We note that
for discrete metric spaces where the distance between any pair of distinct points is
greater than some fixed positive number the condition λ > r0 can be dropped. In
that case the asymptotic Assouad-Nagata dimension coincides with the classical
Assouad-Nagata dimension [As] dimAN X .
Problem (Problem 8.6 [Dr]). Does ℓ-asdim∗X = AN-asdimX? What if X is
a finitely generated group?
In this paper we give a negative answer to the first part of this question. Our
counter-example is a countable p-local group with a proper invariant metric. The
case of finitely generated groups remains open.
The decisive property of our counter-example X is that the function f(λ) =
(λ, cλ)-dimX has different limits with respect to different ultrafilters ω on N. In
the second part of the paper we investigate what kind of dimension of X we
obtain by taking the limits of f(λ) = (λ, cλ)-dimX with respect to an ultrafilter.
We denote such invariant of as ℓ-asdimω(X) and show that
ℓ-asdim∗X = min
ω
{ℓ-asdimωX}
and
AN-asdimX = sup
ω
{ℓ-asdimωX}.
Acknowledgments: I would like to thank Alexander Dranishnikov for his
valuable advice throughout this paper.
2. Counter-example
We begin by constructing a rather tame metric space. The motivation for
starting here is to highlight and extract the core idea that gives rise to the coun-
terexample via a group.
For two subsets U, V ⊂ X of a metric space (X, d) we demote by d(U, V ) =
inf{d(u, v) | u ∈ U, v ∈ V }.
Definition 2.1. Let A be a collection of subsets of a metric space X . Then for
λ > 0 we say A is λ-disjoint if d(U, V ) > λ for all U, V ∈ A and U 6= V . Also for
D ≥ 0 we say A is D-uniformly bounded if diam(U) ≤ D for all U ∈ A.
We call a metric space λ-discrete if d(x, y) ≥ λ for all x 6= y.
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. Our goal is to recursively construct a sequence of finite metric spaces
Y1 ⊂ Y2 ⊂ · · · ⊂ Yn ⊂ . . .
and isometric embeddings and a monotone sequence of tending to infinity real
numbers (an)
∞
n=1 such that forXn = Yn\Yn−1 the following conditions are satisfied:
(I) Xn is an-discrete;
(II) (an, can)-dimXn ≥ 1 for c ≤ n;
(III) diam(Yn−1) < an;
(IV) d(Yn−1, Xn) ≥ an.
Proposition 2.2. Let X =
⋃
∞
n=1 Yn =
∐
∞
n=1Xn be given the natural metric that
comes from Yns. Then ℓ-asdim∗X = 0 and AN-asdimX ≥ 1.
Proof. The conditions (I),(III), and (IV ), imply that for the sequence λn = an−1,
(λn, λn)-dimX = 0.
Indeed, the cover U that consists of Yn−1, an (an − 1)-disjoint (an − 1)-bounded
cover V = {Vi} of Xn, and singletons in X \ Yn is (an − 1)-disjoint and (an − 1)-
bounded. Hence ℓ-asdim∗X = 0.
On the other hand (II) forces AN-asdimX ≥ 1. Indeed, if AN-asdimX < 1,
then there is c > 0 such that (λ, cλ)-dimX ≤ 0. Therefore, (λ, cλ)-dimXn ≤ 0 for
all n. This contradicts with (II) for n ≥ c. 
Now we construct the sequences of metric spaces and real numbers that satisfy
these properties. We set a1 = 1 and X1 = {1} × {0, 1, 2} ⊂ R× R. Assume that
an−1 and Yn−1 ⊂ [0, an−1] × R have been defined for some n. Choose an so that
an > diam(Yn−1) + 1. Let
Xn = {
n∑
i=1
ai} × Ian(n + 1) ⊂ R× R.
Note that the conditions I and III-IV are obviously satisfied. The condition (II)
follows from Example 1.1.
We set Yn = Yn−1 ∪Xn and note that Yn ⊂ [0, an]× R.
We give our space X =
⋃
∞
i=1Xi ⊂ R
2 the inherited metric from R2 endowed
with the ℓ1 metric. Figure 1 below depicts the first few stages of construction of
X .
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Remark 2.3. Clearly, there are many ways to construct the above Xn. One of
the options is to build X as a subset of the infinite metric wedge of rays ∨n(R+)n.
It suffices to take Xn as before to be isometric to the discrete interval Ian(n+ 1).
To satisfy the condition (IV) one should shift Ian(n+1) along the ray (R+)n by an.
Then by Proposition 2.2 X = ∨nX
+
n satisfies ℓ-asdim∗X = 0 and AN-asdimX ≥ 1
where X+n = Xn ∪ 0 and 0 ∈ (R+)n is the wedge point.
Moreover, the the conditions I-IV are satisfied if every X+n is replaced by an
an-discrete circle San(2n + 2) with a base point. Then X would be the infinite
wedge of discrete circles of increasing radii, ∨nSan(2n+ 2).
Let Zm denote the group of integers modulo m. It is generated by one element
1¯ with corresponding Cayley graph Xm being a circle with m edges. Then the
group Zm with the word metric can be identified with the discrete circle S(m).
We will denote the distance between x, y ∈ Zm in this metric as |x − y|m. Then
the a-weighted metric da on Zm is given by the formula da(x, y) = a|x− y|m. Note
that 0 is a natural base point for Zm. Then the last part of Remark 2.3 can be
deformed into the following:
Proposition 2.4. Given a prime number p, there is a monotone sequence of natu-
ral numbers (an) tending to infinity such that AN-asdim(X) ≥ 1 and ℓ-asdim∗(X) =
0 where X = ∨n(Zpn, dan)
Proof. We define an recursively by the condition diam(∨
n−1
i=1 (Zpi , dai)) < an. Then
all the conditions I-IV will be satisfied. To be formal, one needs the inequality
pn ≥ 2(n+ 1) which holds for p > 2 and holds eventually for p = 2. 
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Let (Xn, dn) be a sequence of metric spaces with base points x
0
n. We define the
metric space
⊕
Xn to be the subset of
∏
Xn that consists of the ω-tuples which
are eventually the base points. We consider the ℓ1-metric on
⊕
Xn:
d((xn), (yn)) =
∞∑
n=1
dn(xn, yn).
Lemma 2.5. Suppose that Xn is a sequence of metric spaces with base points and
k ∈ N is such that the metric spaces Xj are λ-discrete for all j > k. Then for any
D0 and D ≥ diam(
∏k−1
i=1 Xi)
(λ,D +D0)-dim(
⊕
Xn) ≤ (λ,D0)-dimXk
for the ℓ1-metric on the product
∏k−1
i=1 Xi.
Proof. Assume that (λ,D0)-dimXk ≤ n. Let U
0
k , ...,U
n
k be the λ-dijiont D0-
uniformly bounded families whose union cover Xk. For i = 0, . . . , n we define
a family of sets in
⊕
Xn as follows
U i = {
k−1∏
i=1
Xi × U × (x¯>k) | U ∈ U
i
k, (x¯>k) ∈
∞⊕
n=k+1
Xn},
where (x¯>k) = (xk+1, xk+2, ...). Clearly the union of the families U
0, . . . ,Un is a
cover of
⊕
Xn.
First we show that these families are uniformly (D +D0)-bounded. Let y¯, z¯ ∈∏k−1
i=1 Xi × U × (x¯>k) with U ∈ U
i
k. Then,
d(y¯, z¯) =
k∑
i=1
d(zi, yi) = (
k−1∑
i=1
d(zi, yi))+dk(zk, yk) ≤ diam(
k−1∏
i=1
Xi)+dk(zk, yk) ≤ D+D0.
Next we show that each family U i is λ-disjoint. Let y¯ ∈
∏k−1
i=1 Xi × U × (y¯>k)
and z¯ ∈
∏k−1
i=1 Xi × V × (z¯>k) with U, V ∈ U
i
k. We have to check two cases:
Case 1 U 6= V . In this case we have that
dk(y¯, z¯) ≥ d(yk, zk) > λ
as U ik is λ-disjoint.
Case 2 (y¯>k) 6= (z¯>k). In this case, there is j > k so that yj 6= zj and hence,
d(y¯, z¯) ≥ dj(wj, zj) > λ
as Xj is λ-disjoint for all j > k.

Let G =
⊕
∞
i=1 Zpi. For any sequence (an)
∞
n=1 ⊂ N we define the metric d :
G×G→ R by,
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d(x, y) =
∞∑
i=1
ai|xi − yi|pi
We recall that a metric space is called proper if every closed ball in that metric is
compact.
.
Proposition 2.6. Let G =
⊕
∞
i=1 Zpi. Then the metric on G defined above for
an →∞ is proper and invariant.
Proof. It is well known that a metric defined on a countably generated group by
weighting its generators with a sequence of numbers tending to infinity is proper
(see [Sm]). The invariance can be easily verified: Let x, y ∈ G, then
d((x, g), (y, g)) = d(x+ g, y + g) =
∞∑
i=1
ai|(xi + gi)− (yi + gi)|pi =
∞∑
i=1
ai|xi + gi − gi − yi)|pi =
∞∑
i=1
ai|xi − yi|pi = d(x, y).

We recall that a group G is called p-local if every finitely generated subgroup
H ⊂ G is a p-torsion group.
.
Theorem 2.7. There exists a countable p-local group G with a proper invariant
metric, such that AN-asdimG differs from ℓ-asdim∗G.
Proof. Let G be defined as above with the sequence (an) as in Proposition 2.4.
Note that G =
⊕
San(p
n).
First we show that ℓ-asdim∗G = 0. Let R > 0 be given. Let n be large enough
so that λn = an − 1 > R we show that (λn, 2λn)-dimG = 0. Note that for each
i ≥ n if x, y ∈ Zpi with x 6= y, then
d(x, y) = ai|x− y| ≥ ai ≥ an > λn.
Also note that by construction of G,
λn = an − 1 ≥
n−1∏
i=1
Zpi .
Therefore by Lemma 2.5,
(λn, 2λn)-dimG ≤ (λn, λn)-dim(San(p
n)) = 0. (1)
For the last equality see Example 1.1.
Note that AN-asdimG ≥ AN-asdim∨San(p
n) ≥ 1 by Proposition 2.4. 
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3. Dimension that depends on ultrafilter
. As a convention and for notational ease, we let N∗ = βN \ N, the set of non-
principal ultrafilters on N. Throughout the paper ω will refer to a non-principal
ultrafilter and any unspecified ultrafilters are taken to be non-principal.
. For a fixed c > 0 and a metric space (X, d) the function
fc : N→ N ∪ {∞} = αN
defined fc(λ) = (λ, cλ)-dimX extends to the Stone-Cˇech compactification,
f c : N
∗ → αN
where αN is the one-point compactification and f c(ω) = limω fc.
Finally we define asymptotic dimension with linear control of a metric space X
with respect to an ultrafilter ω ∈ N∗.
ℓ-asdimωX = min
c
{f¯c(ω)}.
In particular the definition implies that if ℓ-asdimωX = n, then there is a c > 0
such that
lim
ω
fc = n
. We note that ℓ-asdim∗X and AN-asdimX are quasi-isometric invariant so that
it suffices to check the λ-scaled dimension of X over the λ in N instead of over R.
.
Theorem 3.1. For every metric space X the following equality holds,
AN-asdimX = sup{ℓ-asdimω(X) : ω ∈ N
∗}.
Proof. Assume that AN-asdimX ≤ k. Then there is c > 0 and r ∈ N such that
for each λ ≥ r,
(λ, cλ)-dimX = k.
Let A = [r,∞) ∩ N and let ω ∈ N∗ be arbitrary. Note that A ∈ ω. Taking c from
above it follows that
f c(ω) = lim
ω
fc ≤ k.
Therefore ℓ-asdimωX ≤ k. Since ω was arbitrary, we obtain
sup{ℓ-asdimω(X) : ω ∈ N
∗} ≤ k.
Now assume that sup{ℓ-asdimω(X) : ω ∈ N
∗} = k. Fix n ∈ N and define
An = {(fn)
−1({0, ..., k})}. Set,
A =
⋃
n∈N
An
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It is clear that A forms an open cover of N∗. Since N∗ is compact, A admits a
finite sub-cover, say
{(fn1)
−1({0, ..., k}), ..., (fnj )
−1({0, ..., k})}
Take c = max{n1, ..., nj} and set A
′
= (fn1)
−1({0, ..., k})∪, ...,∪(fnj)
−1({0, ..., k}).
Let B = βN \A
′
. Observe that B is closed in βN and hence compact, and further
B is a subset of N. Thus B is finite. As a consequence we obtain that there is an
r > 0 so that [r,∞) ∩ N ⊂ A
′
. Therefore taking c > 0 from above we see,
fc(λ) = (λ, cλ)-dimX ≤ k
For all λ ∈ [r,∞) ∩ N.That is, AN-asdimX ≤ k. 
.
Theorem 3.2. For every metric space X the following equality holds,
ℓ-asdim∗X = min{ℓ-asdimω(X) : ω ∈ N
∗}.
Proof. Assume that ℓ-asdim∗X = k. Then there is c > 0 such that for each i ∈ N
there is a λi ≥ i with
fc(λi) = (λ, cλ)-dimX ≤ k
Let A = {λi}
∞
i=1. There is ω ∈ N
∗ so that A ∈ ω. Then from this we have that
lim
ω
fc ≤ k
Hence ℓ-asdimω(X) ≤ k. Taking minimums on both sides we obtain the desired
result,
min{ℓ-asdimω(X) : ω ∈ N
∗} ≤ k.
On the other hand assume that min{ℓ-asdimω(X) : ω ∈ N
∗} = k. Then there is
ω ∈ N∗ so that
ℓ-asdimω(X) = k.
Which by definition yields that there is a c > 0 so that
lim
ω
fc = k
Let A = (fc)
−1({k}). Note that as ω is non-principal, necessarily A is infinite.
Therefore it follows that for all i ∈ N there is a λi ∈ A with λi ≥ i and
fc(λi) = (λ, cλ)-dimX ≤ k
That is ℓ-asdim∗X ≤ k, which completes the proof. 
The natural question arises, for a given metric space X which values of ℓ-asdimω
of X can be obtained. The first part of the paper established that there is a
countable group under which this dimension obtains two values. We end the
paper with one final remark.
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Remark 3.3. Using the same methods as in Theorem 2.7 one can construct a
countably generated group such that there exists an ultrafilter ω with,
ℓ-asdim∗G < ℓ-asdimω G < AN-asdimG.
Moreover, one can any finite set of integers as value of the dimension ℓ-asdimω G.
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